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We provide a large class of coherent domains whose rings of formal power series 
are not coherent, by proving that if R is a pseudo-Bezout domain and R[ [X]] is 
coherent, then R is completely integrally closed; this generalizes a theorem of Jon- 
drup and Small’s for valuation domains. We also obtain a large class of completely 
integrally closed pseudo-Bezout domains R for which R[ [A’]] is not coherent; in 
particular, if R is a rank one valuation domain whose group of divisibility is a 
proper dense subgroup of the reals, then R[ [A’]] is not coherent. @? 1987 Academic 
Press, Inc. 
1. PRELIMINARIES 
A commutative ring is coherent if each finitely generated ideal is finitely 
presented; equivalently [3], the intersection of any two finitely generated 
ideals is finitely generated, and the annihilator ideal of any finitely 
generated ideal is finitely generated. Of course, we need only be concerned 
with the former of these conditions if the ring is a domain. If R is von 
Neumann regular or a valuation ring (and hence coherent), it follows that 
the polynomial ring R[X] is coherent; however, the situation is more com- 
plicated for the power series ring R[[X]]. In [2], von Neumann regular 
rings for which R[ [Xl] is coherent are characterized; in particular, this 
need not always be the case. In [S], it is shown that if R is a valuation 
domain with rank larger than one, then R[ [Xl] is not coherent; the 
theorem in Section 2 generalizes this result, and a corollary to the theorem 
in Section 3 adds insight to the rank one case. 
We need the following results and terminology from the theory of 
integral domains; we refer the reader to [4] as a general reference. Let R 
be a domain, U its group of units, K its quotient field and K* the mul- 
tiplicative group of nonzero elements of K. Then the group K*/U is the 
group of divisibility for R, which we denote by G(R); we abuse notation and 
write this group additively. Suppose now that R is a pseudo-Bezout domain, 
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that is, every pair of nonunits has a greatest common divisor. If we par- 
tially order G(R) by asserting that aU d hU if and only if h/u E R, then 
G(R) is an abelian lattice-ordered group (or I-group), that is, any pair of 
elements has a least upper bound and a greatest lower bound (see [l] for 
information about I-groups). Furthermore, every abelian l-group arises as 
the group of divisibility of some pseudo-Bezout domain; in fact, we can 
find a Bezout domain with this property (a domain is Bezout if every 
finitely generated ideal is principal; this is a stronger property than being 
pseudo-Bezout). 
The natural homomorphism u: K* + G(R) is called the semi-vuluation for 
the ring R. It is a homomorphism which also satisfies the following 
property regarding the addition on K, 
u(x + y) 3 u(x) A u(y). 
If G(R) is totally ordered, then R is a valuation domain, and the map v is 
its valuation; in this case, the map satisfies the stronger property 
u(x + y) = u(x) if u(x) < v(y). 
Recall that a domain R, contained in its quotient field K, is completely 
integrally closed if for a and x nonzero elements of K, if ux” E R for all 
positive integers n, then x E R. An f-group is archimedean if, for elements x 
and y of the I-group, n 1x1 d 1 yl for all positive integers n implies that x = 0. 
It is well known that a pseudo-Bezout domain is completely integrally 
closed if and only if its group of divisibility is archimedean (see [4] and 
C61). 
2. THE NONARCHIMEDEAN CASE 
In this section, we prove the following: 
THEOREM. Let R be a pseudo-Bezout domain whose group of divisibility 
is not archimedean. Then R[[X]] is not coherent. 
Proof: Since G(R) is not archimedean, there exist xU, HUE G(R) such 
that n( yU) < xU, for all positive integers n. This means that x/y” E R, for all 
positive n. 
Let f; g be elements of R[ [X]] defined as follows: 
f=x 
and 
g=g,+g,x+g,x2+gjx3+ . ..) 
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where the gi’s are defined recursively by the equations g, = x, and 
g,, = g,, , /yfl (We regularly use subscripts to indicate the coefficients of a 
power series.) That is, the coefficients for g are 
Now, evidently, 
& x/y, x/y’, x/y6 )... . 
c(g;)=u(g,~,/y’j=u(g, ,)-fuo’)<4g; 1). 
Thus 
u(gj)<u(g,- ,)< ... <u(g,)=x. 
We intend to prove that R[ [A’]] . IS not coherent by showing that the inter- 
section of the principal ideals (J‘) and (g) in R[[X]] is not finitely 
generated. To do so, we first verify two claims: 
CLAIM 1. Let h E (,f’) n (g). Then u(/I,,) > v(x) + ku(y), for all positive 
integers k. 
Proof‘ (?f‘ the Cluim. We know that h = af = hg, where a, h E R[ [Xl]. 
Comparison of the coefficients of X” gives us the following: 
ukX=h”gk+h,gh~,+“.+hkg~. 
But g,)=-v and consequently we obtain 
h,g,=(a,-h,).u-h,g,~~,- ‘.. -h,- ,g,. 
Taking D of both sides of this equation, we have that 
u(h,,g,)3u(x) A u(x/,vj A ... A t(g,- !)=u(gk ,). 
But 
and so 
u(hJ) -MY) = u(hlg,) - uk, 1) 3 0. 
Thus, since u(y) > 0, it follows that 
u(h,) = u(h,,x) = u(x) + u(h,) > u(x) + MU, 
for all positive integers k. 
CLAIM 2. If 2 E R and u(z) > u(x) + ku( y), for all positive integers k, 
then there exists a power series e E (,f’) n (g) with constant term z. 
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Proof of the Claim. Let e = (z/x) g, which clearly belongs to (g). Let 
x/y” be one of the coefficients of g. Then 
4(4XK~/Y”)) = u(z) -WY) ’ u(x), 
and so x is a factor of every coefficient of e-that is, Ed (,f). Obviously the 
constant term of e is z. 
We can now show that (f) n (g) is not finitely generated. Assume, by 
way of contradiction, that it is generated by n elements, with constant 
terms a,, a, ,..., a,. Then the constant term of any element of (f) n (g) 
looks like 
c=r,a,+r,a,+ ... +r,u,, 
and u(c)>u(a,) A ~(a*) A ... A ~(a,,). Since G(R) is an I-group, we can 
choose w E R so that u(w) = ~(a,) A ... A ~(a,,). But ~(a;) > u(x) + ku(y) by 
Claim 1, and so u(w) > u(x) + ku( y). Let z = w/y; then, 
u(z)=u(w)-u(y)>u(x)+ku(y)-u(y)=u(x)+(k-l)u(y). 
But by Claim 2 there exists e E (f) n (g) whose constant term equals z. 
However, this contradicts the fact that the value of the the constant term of 
any element in (f) n (g) is at least u(w). 1 
Since Bezout domains are evidently coherent, this provides us with a large 
class of domains for which R is coherent, but R[ [Xl] is not. 
COROLLARY (Jondrup and Small [S]). If R is a valuation domain with 
rank larger than one, then R[ [Xl] is not coherent. 
Proof: Rank larger than one means exactly that the group of divisibility 
is nonarchimedean. 1 
Since a pseudo-Bezout domain whose group of divisibility is 
archimedean is completely integrally closed, we obtain immediately: 
COROLLARY. Let R be a pseudo-Bezout domain with R[ [ X] ] coherent. 
Then R is completely integrally closed. 
3. THE ARCHIMEDEAN CASE 
In this section we shall provide a large class of examples of completely 
integrally closed pseudo-Bezout domains whose rings of formal power 
series are not coherent. To do this, we first need a technical lemma about 
rank one valuation domains. 
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LEMMA. Let D be a rank one valuation domain (i.e., the group of 
divisibility of D is archimedean), with valuation v. Let so, sl, sz,..., be 
elements of D whose values satisfy these conditions: 
(1) u(so)>v(s,)~u(s2)> ..., and 
(2) v(s~/si+~)~u(si+~/s,+2)~Sor all i. 
Consider L g E D [ [A’] ] defined by 
f=so and g=s,+s,x+s,x2+ .... 
Suppose that h E (f) n (g), and consequently may be written as hg, where 
b=b,-tb,X+b,X*+ *.,ED[[X]]. Then, 
v(b,s,) a 4d for all i andj. 
In particular, v(b,) 2 v(s,/s,), for all j. 
ProoJ: We argue by contradiction. Suppose that for some i and j, 
v(b,s,) < v(sO). Let k = i +j; then h,sj appears as a term in the coefficient of 
Xk for h, namely, 
h, = b,s, -t ... + b,so. 
Among the terms bOsk,..., bkSO, there is a smallest value, although several 
terms may have that smallest value. Let bi,sjr be the term with that 
minimum value which appears farthest to the right in the expression for hk. 
We of course have that 
Do the same thing for hk+ ,; we pick bi2s12 to be the term in the expression 
for h,,, with minimum value that is farthest to the right. We show that 
i,>i,. 
Let i-c i,. Then, by the choice of hi,sjI, we have that v(bisk -,) > v(b,,s,,). 
Also, by the hypothesis on the sequence sO, s, ,..., we have, since k - i > j, , 
v(sjI I- v(sjl + I I> Otsk ~. i) - v(sk - i + 1). 
Thus we obtain 
V(b,Sk-i+~)=V(b;Sk-,)+V(s/,~i+~)-U(’/,-i) 
3 v(bil sj~) + v(sk - I + I) - v(sk _ i) 
=v(bils,,)- (u(Sk - i)-V(S/, i+ I )) 
> v(bil.y,,) - (v(.y,,) - v(s,, + ,)I = v(b,,s,, + 1). 
4x1107 I-13 
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So, in the expression for h, + , , b,,s,, + , has value strictly less than any term 
to its left. Thus iz b i,. But, if i, = i,, then bi,sII + , is the unique term in 
h,, , with minimum value, and so 
which is impossible, since h E (f). Therefore, i, > i, , and also then, j, <j,. 
Moreover, 
u(b,*Sj2) d u(bils,, + I) < u(b,jsjl) < u(sO). 
We can similarly choose hiIs,, to have minimum value in h, +* so that 
i, > i,, j, <.jz and v(h,s,) < v(>,). Continuing, we obtain a sequence of terms 
h,~,,, such that u(h,.~,,) < U(Q) for all n, andj, >j, >j, > .... Eventually, for 
some n, we must have j,, =j,, + , =jrzfZ = .... 
Since we have already seen that we cannot have a unique term with 
minimum value, it now follows that besides the term b,“+ ,.s~” with 
minimum value in the expression for hiti + ,” + , (which is strictly less than the 
values of all terms to its right) the only other candidate for minimality is 
bV~hr +I (which as we showed for n = 1 has value strictly less than all terms 
to its left). 
Thus we have pairs of minimal elements, 
u(b,,,sj~+l)=u(bi,+ls,~)~ 
U(bi,+,S,~+,)=u(bi,+2S,“)), 
U(b),, + 2Sj,,+ I) = u(b,,+ 3J,"k 
From these equations we conclude that, for any positive integer m, 
U(bi,J - U(b),, + n, )=(u(b,~)-u(b,~+~))+(u(b,~+.,)-u(b,~+,)) 
+ ... +u((b,,+,,~,)-u(b,+,)) 
= m(u(s,J - ub,. + I 1). 
Therefore, u(b,) > m(u(.y,n/s,n+ ,)) f or any positive integer m, which con- 
tradicts the fact that G(D) is archimedean; hence, u(b,si) 2 u(sO), for all i 
andj. i 
We are now ready to prove the following: 
THEOREM. Let R be a pseudo-Bezout domain whose group of divisibility 
has an l-homomorphic image consisting of a proper dense subgroup of the 
reals. Then R[ [Xl] is not coherent. 
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Proof. Let R be a pseudo-Bezout domain with quotient field K, group 
of divisibility G(R) and semivaluation v; suppose that f: G(R) -+ T is an 
I-homomorphism onto a proper dense subgroup T of the reals. The com- 
position w =fo u is then a valuation for the overring 
D= {d~K:w(d)>O}; 
(see [4, p. 2341). 
Let r be a positive real number that is not a element of T. Choose S”E R 
such that w(sO) > r, and define si inductively as follows. Let d, = w(s, ,) - r, 
and choose, by the denseness of T, S;E R such that r < w(s,) < r + id,. Thus 
w(q))> W(.Sl)> “‘; in fact, A w(si) = r. Furthermore, for each positive 
integer i, 
w(si) - w(s;+ ,) > M’(s,+ ,) -r > w(s,+ ,) - w(s;+*), 
and so the set {s,} satisfies the conditions of the lemma. Let fand g be as 
in that lemma; note that in fact f, g are not only elements of D[ [Xl], but 
of R[ [Xl]. As in the lemma, let h E (f) n (g), and write h = bg. By the 
lemma, w(b,)> w(s~)- w(.s;), for all j. Since A w(si) = r, we have that 
w(h,) 3 u(sO)- r; this latter inequality is strict, because r$ T. Now 
h, = box,,, and so 
w(h,) > 2w(s,) - r. 
Thus the constant term of any element of (f) n (g) has w value greater 
than 2w(s,) - r. 
On the other hand, if ZE R with w(z) > 2w(s,) - r, then there is an 
Hun such that w(h,)=w(z). For let h=(z/s,)g=z+(zs,/s,)X+ 
(ZSJS”) x2 + . . . . Clearly, h E (g). But also, h E (f), since 
W(ZLS,/S,) = w(z) + w(s,) - W(Q) 
> 2w(s,) - r + w(si) - w(so) 
= w(so) + w(si) - r > w(so), 
for all i. Therefore, (f) n (g) cannot be finitely generated, for we have just 
seen that there is no greatest lower bound in T for the w values of the con- 
stant terms of elements of (f) n (g). 1 
Note that the argument of the proof does not depend on G(R) itself 
being archimedean. However, the theorem of Section 2 means that the 
present theorem is only relevant in that case. Since there exist many 
archimedean j-groups with dense proper subgroups of the reals as 
I-homomorphic images, there exist many domains which are Bezout (and 
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hence coherent), and also completely integrally closed. It is worth stating 
the totally ordered case separately, as a corollary: 
COROLLARY. Let R be a rank one valuation domain whose group of 
divisibility is a proper dense subgroup of the reals. Then R[ [ X] ] is not 
coherent. 
If the group of divisibility of a rank one valuation domain R is the 
integers (that is, R is a discrete valuation domain), then R is Noetherian, 
and so R[ [Xl] is Noetherian and hence coherent. Consequently, the 
theorem from Section 2 and the corollary above together completely deter- 
mine when the power series ring of a valuation domain is coherent, except 
when the group of divisibility is the entire group of reals. This remains an 
open question. More generally, what are necessary and sufficient conditions 
for the power series ring over a completely integrally closed pseudo-Bezout 
domain to be coherent? 
Portions of this paper first appeared in the second author’s Ph.D. thesis, 
at the University of Kansas, 1980. 
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